We present a method to produce examples of non-homeomorphic conjugate complex varieties based on the genus theory of lattices. As an application, we give examples of arithmetic Zariski pairs.
Introduction
We denote by Emb(C) the set of embeddings σ : C ֒→ C of the complex number field C into itself. A complex variety is a reduced irreducible quasi-projective scheme over C with the classical topology. For a complex variety X and σ ∈ Emb(C), we define a complex variety X σ by the following diagram of the fiber product:
Two complex varieties X and X ′ are said to be conjugate if there exists σ ∈ Emb(C) such that X σ is isomorphic to X ′ over C. It is easy to see that the relation of being conjugate is an equivalence relation. Serre [14] gave an example of conjugate complex smooth projective varieties that have different homotopy types. After this famous result, only few examples of non-homeomorphic conjugate complex varieties seem to be known (e.g. [1] , [5] ). The purpose of this note is to give a simple method to produce many explicit examples of non-homeomorphic conjugate complex varieties. This method is based on a topological idea in [15] , and the arithmetic theory of transcendental lattices of singular K3 surfaces in [16] , which has been generalized by Schütt [13] .
A topological invariant
For a Z-module A, we denote by A tor the torsion part of A, and by A tf the torsion-free quotient A/A tor . Note that a symmetric bilinear form A × A → Z naturally induces a symmetric bilinear form A tf × A tf → Z. A lattice is a free Zmodule L of finite rank with a non-degenerate symmetric bilinear form L × L → Z. For a topological space Z, let H k (Z) denote the homology group H k (Z, Z).
Let U be an oriented topological manifold of dimension 4n that admits a combinatorial triangulation. By means of the dual triangulation, the intersection pairing ι U : H 2n (U ) × H 2n (U ) → Z is defined. We put J ∞ (U ) := K Im(H 2n (U \ K) → H 2n (U )), 1991 Mathematics Subject Classification. 14F45 (Primary); 14K22, 14J28, 14H50 (Secondary). 1 where K runs through the set of compact subsets of U , and H 2n (U \ K) → H 2n (U ) is the natural homomorphism induced by the inclusion. We then put
Since any topological cycle is compact, the intersection pairing ι U induces symmetric bilinear forms
It is obvious that, if U and U ′ are homeomorphic, then there exists an isomorphism
Let X be a smooth complex projective variety of dimension 2n. Then H 2n (X) tf is a lattice by the intersection pairing ι X . Let Y 1 , . . . , Y m be irreducible subvarieties of X with codimension n. We put
and investigate the topological invariant (B U , β U ) of the complex variety U . We denote by Σ (X,Y ) the submodule of H 2n (X) generated by the homology classes [Y i ] ∈ H 2n (X), and put Σ (X,Y ) := ( Σ (X,Y ) ) tf . We then put
the symmetric bilinear forms induced by ι X . The proof of the following theorem is essentially same as the argument in the proof of [15, Theorem 2.4] . We present a proof for the sake of completeness.
Proof. Let T ⊂ X be a tubular neighborhood of Y . We put T × := T \ Y = T ∩ U , and denote by
the homomorphisms induced by the inclusions. We first show that
It is obvious that Im(j U ) ⊆ Λ (X,Y ) . Let [W ] ∈ Λ (X,Y ) be represented by a real 2n-dimensional topological cycle W . We can assume that W ∩ Y consists of a finite number of points in Y \ Sing(Y ), and that, locally around each intersection point P , the topological cycle W is a differentiable manifold intersecting Y transversely at P . Let P i,1 , . . . , P i,k(i) (resp. Q i,1 , . . . , Q i,l(i) ) be the intersection points of W and Y i with local intersection number 1 (resp. −1). Since ι X ([W ], [Y i ]) = 0, we have k(i) = l(i). For each j = 1, . . . , k(i), we choose a path
from P i,j to Q i,j , where I := [0, 1] ⊂ R is the closed interval. Let B denote a real 2n-dimensional closed ball with the center O. We can thicken the path ξ i,j to a continuous mapξ i,j : B × I → X in such a way thatξ −1 i,j (Y ) is equal to {O} × I, that the restriction ofξ i,j to {O} × I is equal to ξ i,j , and that the restriction ofξ i,j to B × {0} (resp. to B × {1}) induces a homeomorphism from B to a closed neighborhood ∆ + i,j of P i,j (resp. ∆ − i,j of Q i,j ) in W . We then put
We can give an orientation to eachξ i,j (B × I) in such a way that W ′ becomes a topological cycle. Then we have
Consider the Mayer-Vietoris sequence
where i(x) = (i T (x), i U (x)) and j(y, z) = j T (y) − j U (z). If j U (z) = 0, then (0, z) ∈ Ker(j) = Im(i), and hence z ∈ Im(i U ). On the other hand, we have Im
) is a sublattice by the assumption, the orthogonal complement (Λ (X,Y ) , λ (X,Y ) ) is also a lattice. By (2.1) and (2.2), we have a commutative diagram
By the definition of the intersection pairing, we have ι U (z, z ′ ) = ι X (j U (z), j U (z ′ )) for any z, z ′ ∈ H 2n (U ). Therefore the homomorphismṽ in (2.3) satisfies
Transcendental lattices
Let X be a smooth complex projective variety of dimension 2n. Then we have a natural isomorphism H 2n (X, Z) tf ∼ = H 2n (X, Z) tf that transforms ι X to the cupproduct ( , ) X . Let S X ⊂ H 2n (X, Z) tf be the submodule generated by the classes [Y ] ∈ H 2n (X, Z) tf of irreducible subvarieties Y of X with codimension n, and by s X : S X × S X → Z the restriction of ( , ) X to S X . We consider the following two conditions:
(N) s X is non-degenerate, and (P) S X is primitive in H 2n (X, Z) tf .
Remark 3.1. The condition (N) is satisfied for X if the Hodge conjecture is true for X. As for the condition (P), see Atiyah-Hirzebruch [6] and Totaro [20] .
Remark 3.2. The conditions (N) and (P) are satisfied if dim X = 2, because S X = H 2 (X, Z) tf ∩ H 1,1 (X) holds for a surface X.
Let σ be an element of Emb(C), and consider the conjugate complex variety X σ . Proposition 3.3. Suppose that (N) holds for both of X and X σ . Then the map
Proof. Let Z X be the free Z-module generated by irreducible subvarieties Y of codimension n in X, and let
and consider the numerical Néron-Severi lattice NS X := Z X /B X with the symmetric bilinear formζ X : NS X × NS X → Z induced by ζ X . The condition (N) for X implies that the kernel of the cycle map Z X → H 2n (X, Z) tf coincides with B X , and hence (S X , s X ) is isomorphic to (NS X ,ζ X ). In the same way, we see that
On the other hand, since the intersection pairing ζ X is defined algebraically (see Fulton [9] 
When (N) holds for X, we define the transcendental lattice T X of X by
Theorem 3.4. Suppose that (N) holds for both of X and X σ . Let Y 1 , . . . , Y m be irreducible subvarieties of X with codimension n whose classes
Proposition 3.5. Suppose that (N) and (P) hold for both of X and X σ . If the cup-products on H 2n (X, R) and on H 2n (X σ , R) have the same signature, then T X σ is contained in the same genus as T X .
Proof. By the conditions (N) and (P) for X, we see that S X is a primitive sublattice of H 2n (X, Z) tf . Since H 2n (X, Z) tf is unimodular, the discriminant form of T X is isomorphic to the discriminant form of S X multiplied by −1 by Nikulin's result [11, Corollary 1.6.2]. In the same way, we see that the discriminant form of T X σ is isomorphic to −1 times the discriminant form of S X σ . Since S X and S X σ are isomorphic by Proposition 3.3, the discriminant forms of T X and T X σ are isomorphic. Moreover, the signatures of T X and T X σ are the same by the assumption. Hence T X and T X σ are contained in the same genus by [11, Corollary 1.9.4].
Arithmetic of singular abelian and K3 surfaces
Let X be a complex abelian surface (resp. a complex algebraic K3 surface). We say that X is singular if rank(S X ) attains the possible maximum 4 (resp. 20). Suppose that X is singular in this sense. Then we have
and T X is an even positive-definite lattice of rank 2. Moreover, T X has a canonical orientation given as follows; an ordered basis (e 1 , e 2 ) of T X is positive if the imaginary part of (e 1 , ω) X /(e 2 , ω) X ∈ C is positive, where ω is a basis of H 2,0 (X). We write T X for the oriented transcendental lattice of X. For complex singular abelian surfaces, we have a converse of Proposition 3.5.
Proposition 4.2. Let
A be a complex singular abelian surface, and T ′ an even positive-definite oriented-lattice of rank 2 such that the underlying lattice T ′ is contained in the genus of T A . Then there exists σ ∈ Emb(C) such that T A σ ∼ = T ′ . Remark 4.3. In [16] , we proved Proposition 4.2 under an additional condition. Then Schütt [13] proved Proposition 4.2 in this full generality.
For the proof, we fix notation and prepare theorems in the theory of complex multiplications ( [7] , [10] , [17] ). For a, b, c ∈ Z, we put
For a negative integer d, we denote by Q d the set of matrices Q[a, b, c] such that a, b, c ∈ Z, a > 0, c > 0 and d = b 2 − 4ac. The group GL 2 (Z) acts on Q d by Q → t gQg, where Q ∈ Q d and g ∈ GL 2 (Z). Then the set of orbits Q d /GL 2 (Z) (resp. Q d /SL 2 (Z)) is identified with the set of isomorphism classes of even positivedefinite lattices (resp. oriented-lattices) of rank 2 with discriminant −d. For an SL 2 (Z)-orbit Λ ∈ Q d / SL 2 (Z) and a positive integer m, we put
We denote by Q * d the subset of Q d consisting of matrices Q[a, b, c] ∈ Q d with gcd(a, b, c) = 1. Then Q * d is stable under the action of GL 2 (Z). Let K ⊂ C be an imaginary quadratic field. We denote by Z K the ring of integers of K, and by D K the discriminant of Z K . For a positive integer f , let O f ⊆ Z K denote the order of conductor f . By a grid, we mean a Z-submodule of K with rank 2. For grids L and L ′ , we write [L] = [L ′ ] if L = λL ′ holds for some λ ∈ K × . We put Let f be a positive integer. We put d := D K f 2 , and consider the set 
( (2) If a prime p ⊂ Z K of K ramifies in H d , then p divides f Z K . For a Z Kideal J prime to f , the Artin automorphism (J, [19] proved the following. Let T be an even positive-definite oriented-lattice of rank 2 given by Q[a, b, c] ∈ Q d . We put (2) Let L 1 and L 2 be grids of K.
Shioda and Mitani
We are now ready to prove Proposition 4.2.
Proof of Proposition 4.2. Since T A and T ′ are in the same genus, they have the same discriminant, which we denote by −d. Let T A and T ′ be represented by
respectively. Since T A and T ′ are in the same genus, we have m := gcd(a, b, c) = gcd(a ′ , b ′ , c ′ ).
As above, we put K := Q( is equal to ϕ d ([I mf ]), and its restriction to H d0 is equal to ϕ d0 ([I f ]) ∈ Gal(H d0 /K). We extend τ −1 ∈ Gal(H d /K) to σ ∈ Emb(C). Then we have j(L 0 ) σ = j(I f L 0 ) and j(O mf ) σ = j(I mf ). Hence A(L 0 , O mf ) σ is isomorphic to A(I f L 0 , I mf ), which is then isomorphic to A(I mf I f L 0 , O mf ) by Theorem 4.7. We have 
holds, and (4.2) is proved. Consequently, the oriented transcendental lattice of
by Theorem 4.7, and hence is isomorphic to T ′ . For complex singular K3 surfaces, we have the following result: Let Y be a complex singular K3 surface, and A the complex singular abelian surface such that T Y ∼ = T A . Then Y is obtained from A by Shioda-Inose-Kummer construction (see [16, §6] ). By [16, Proposition 6.4] , we have T Y σ ∼ = T A σ for any σ ∈ Emb(C). Combining this fact with Proposition 4.2, we obtain the following: Proposition 4.9. Let Y be a complex singular K3 surface, and T ′ an even positivedefinite oriented-lattice of rank 2 such that T ′ and T Y are contained in the same genus. Then there exists σ ∈ Emb(C) such that T Y σ ∼ = T ′ .
Applications
For a lattice T , let g(T ) denote the number of isomorphism classes of lattices in the genus of T . By Theorem 3.4 and Propositions 4.2, 4.9, we obtain the following:
Corollary 5.1. Let X be a complex singular abelian surface or a complex singular K3 surface, and D ⊂ X a reduced effective divisor such that the classes of irreducible components of D span S X ⊗ Q. Then the set of the homeomorphism types of (X \ D) σ (σ ∈ Emb(C)) contains at least g(T X ) distinct elements.
Another application is as follows. By a plane curve, we mean a complex reduced (possibly reducible) projective plane curve. [4] , [5] ) A pair (C, C ′ ) of plane curves is said to be an arithmetic Zariski pair if the following hold:
(i) Let F be a homogeneous polynomial defining C. Then there exists σ ∈ Emb(C) such that C ′ is isomorphic (as a plane curve) to C σ := {F σ = 0}.
(ii) There exist tubular neighborhoods T ⊂ P 2 of C and T ′ ⊂ P 2 of C ′ such that (T , C) and (T ′ , C ′ ) are diffeomorphic.
(iii) (P 2 , C) and (P 2 , C ′ ) are not homeomorphic. Let C be a maximizing sextic. Then, for any σ ∈ Emb(C), the conjugate plane curve C σ is also a maximizing sextic, and (C, C σ ) satisfies the condition (ii) in Definition 5.2, because simple singularities have no moduli. We denote by W C → P 2 the double covering branched along C, and by Y C → W C the minimal resolution. Then Y C is a complex singular K3 surface. We denote by T [C] the transcendental . Hence, if g(T [C]) > 1, then there exists σ ∈ Emb(C) such that (C, C σ ) is an arithmetic Zariski pair. Using Yang's algorithm [21] , we obtain the following theorem by computer-aided calculation:
Theorem 5.5. There exist arithmetic Zariski pairs (C, C ′ ) of maximizing sextics with simple singularities of Dynkin type R for each R in Table 5 .1.
The lattices T [C] and T [C ′ ] are also presented in Table 5 .1. We denote by L[2a, b, 2c] the lattice of rank 2 represented by the matrix Q[a, b, c].
Remark 5.6. In the previous paper [15] , we have obtained a part of Theorem 5.5 by heavily using results of Artal-Carmona-Cogolludo [3] and Degtyarev [8] . A detailed account of the algorithm for Theorem 5.5 is also given in [15] .
